These lecture notes provide an introduction to automorphism groups of graphs. Some special families of graphs are then discussed, especially the families of Cayley graphs generated by transposition sets.
Introduction
A permutation of a set Ω is a bijection from Ω to itself. For example, π = (1, 5, 4)(3, 6)(2) = (1, 5, 4)(3, 6) = [5, 2, 6, 1, 4, 3] is a permutation of {1, 2, 3, 4, 5, 6}. We can also write π : 1 → 5, 2 → 2, 3 → 6, 4 → 1, 5 → 4, 6 → 3. The inverse of π is π −1 = (1, 4, 5)(3, 6)(2). Sym(Ω) denotes the set of all permutations of Ω. S n denotes the symmetric group Sym({1, . . . , n}. The composition of permutations is carried out left to right: (1, 2)(2, 3) = (1, 3, 2) . A transposition τ ∈ S n is a permutation that interchanges two elements and fixes the remaining elements: τ = (i, j).
Let Γ := (V, E) be a simple, undirected graph. An automorphism of a graph is a permutation of the vertex set that preserves adjacency. The automorphism group of Γ is the set of permutations of the vertex set that preserve adjacency, i.e., Aut(Γ) := {π ∈ Sym(V ) : π(E) = E}. (Some of the literature uses the notation E π = E instead of π(E) = E.) Note that if π is a bijection from V to iself, then π induces a bijection on the 2-subsets of V , and so π(E) and E have the same cardinality. So, if π is an automorphism, then it necessarily must preserve non-adjacency as well. So, an equivalent definition is that: π is an automorphism of Γ = (V, E) if for all u, v ∈ V , u ∼ v iff π(u) ∼ π(v). Since the composition of two automorphisms is another automorphism, the set of automorphisms of a graph is a permutation group.
The notation to use Γ rather than G for a graph is standard in algebraic graph theory. We shall use A to denote Aut(Γ). Later, we shall use G (and a subset S ⊆ G) to denote the group that generates a Cayley graph, i.e Γ = (V, E) = Cay(G, S), and we shall determine its automorphism group A := Aut(Cay(G, S)) for some families of (G, S).
Example 1. The n-cycle. Let Γ be the graph on vertex set {1, . . . , n} having edge set E := {{1, 2}, {2, 3}, . . . , {n, 1}}. The rotation r = (1, 2, . . . , n) is an automorphism of the graph, because r sends 1 to 2 and 2 to 3, hence {1, 2} to {2, 3}, and it is clear that E r = E. Let s be the permutation of V induced by the reflection of the n-cycle graph about the axis that passes through the vertex 1 and the center of the n-cycle. Thus, s = (1)(2, n)(3, n − 1) · · · . Note that r, s = D 2n , the dihedral group of order 2n. So D 2n ≤ A := Aut(Γ). We now show that there are no other automorphisms. Let π ∈ A. Suppose π : 1 → i. Then it must send 2 to a neighbor of i, i.e. to i − 1 or i + 1. In the first case π sends 3 to i − 2, 4 to i − 3, and so on. In the second case, π sends 2 to i + 1 and hence 3 (a neighbor of 2) to a neighbor of i + 1, i.e. to i or i + 2, but π : 1 → i, so 3 → i + 2. In either case, π ∈ D 2n . Thus A = D 2n .
If π ∈ Aut(Γ), then π preserves adjacency and hence sends the neighbors of u to the neighbors of π(u). So, if π sends u to v, then u and v have the same degree (the same number of neighbors).
One can similarly define the automorphism group of (X, S) for any structure S on X. In the case of directed graphs, each element of S would be an ordered pair, and in case of edge-colored digraphs each element of S is an ordered triple. The automorphism group of (X, S) is the set of permutations π in Sym(X) such that S π = S. We now introduce a definition [11] :
, with X and Y being disjoint. Their sum (also known as the product or direct product) A + B is the permutation group A + B := {(α, β) : α ∈ A, β ∈ B} acting on the disjoint union X ∪ Y by the rule:
So A + B ≤ Sym(X ∪ Y ) and has |A| |B| elements.
It is clear that Aut(K n ) = S n . Also, Aut(K 1,n ) = E 1 + S n ∼ = S n , where E 1 is the trivial group. Consider the graph K 4 minus an edge, where V = {1, 2, 3, 4} and the edge removed from K 4 is {2, 4} say. Then A = {(1, 3), (2, 4) , (1, 3)(2, 4), 1}, and so A = S 2 + S 2 .
Example 3. The octahedron graph. Let Γ be the octahedron graph obtained from the solid which is the convex hull of the six points (in 3-dimensional space) V = {(±1, 0, 0), (0, ±1, 0), (0, 0, ±1)}. Then, the complement graph of the octahedron graph is 3K 2 . Also, a graph and its complement have the same automorphism group (this is because every automorphism preserves adjacency as well as non-adjacency). It is easy to see that the number of automorphisms of 3K 2 is 2 3 3! = 48 since every automorphism can move vertices from one edge to another (and there are 3! ways to permute the edges) and on each edge, one can either switch the vertices on that edge or leave them fixed (2 ways for each edge, yielding another 2 3 automorphisms). Thus, | Aut(Γ)| = 48.
Note that the number of rigid motions of the octahedron is exactly 24. The transposition that just swaps two nonadjacent vertices of the octahedron graph is an automorphism of the octahedron graph but not a rigid motion of the solid. This is unlike in the case of the n-cycle, for which the group of rigid motions of the regular n-sided polygon and the group of automorphisms of the n-cycle graph are the same. 
The following result is due to Frucht:
It can be seen why Frucht's theorem is true, as we did above for the special case 3K 2 . In this special case, label the two vertices on the ith edge as (x i , y 1 ) and (x i , y 2 ), for i = 1, 2, 3, and we can see that α ∈ S 3 permutes the three edges (i.e. the x i 's), and β i ∈ S 2 (for i = 1, 2, 3) acts on the i-th edge (i.e. it permutes the y i 's). So Aut(
Theorem 6. The full automorphism group of the Petersen graph is isomorphic to S 5 .
Proof: Let Γ be the Petersen graph. Thus, its vertices are the 2-element subsets of {1, 2, 3, 4, 5}, with two vertices A and B adjacent iff they are disjoint. We write ij for the vertex {i, j}.
Every element π ∈ S 5 induces a permutation of the 2-element subsets of {1, . . . , 5}, i.e. induces a permutationπ of Γ. For example, if π = (1, 3, 4)(2, 5) ∈ S 5 , thenπ sends {1, 2} to {3, 5}, andπ = (12, 35, 42, 15, 32, 45) (13, 34, 41)(25) ∈ Sym(V ). Furthermore, it is easy to see that different elements of S 5 induce distinct permutations of V . And each of these induced permutations is an automorphism of Γ because for all π ∈ S 5 , A, B ∈ V are disjoint if and only if π(A) and π(B) are disjoint. Thus, the map φ : S 5 → V, π →π is an injective group homomorphism into Aut(Γ), and so
We now show that φ(S 5 ) is the full automorphism group of Γ. It suffices to show that A ≤ φ(S 5 ). To prove this, let π ∈ A. We show that there existŝ g ∈ φ(S 5 ) such that πĝ = 1. This would imply that π =ĝ Thus, in all cases if π ∈ A, then there exists g 1 , . . . , g r (for some nonnegative integer r) such that πĝ 1 . . .ĝ r = 1, implying that π ∈ φ(S 5 ).
The family of the generalized Kneser graphs J(n, k, i) is defined as follows. The vertex set of J(n, k, i) is the set of k-element subsets of {1, . . . , n}, and two subsets are adjacent iff their intersection has size i. Biggs [1] defines the family of Odd graphs O k to be J(2k − 1, k − 1, 0), a special case of which is the Petersen graph O 3 . Thus, the Petersen graph is J(5, 2, 0) and hence is isomorphic to the complement of the line graph of K 5 . It is an open problem to determine the automorphism group of J(n, k, i) for many special cases of these three parameters. We now give another proof (based on [17] ) for the automorphism group of the Petersen graph.
Second proof: The automorphism group of the Petersen graph is isomorphic to the automorphism group of the complement of the Petersen graph, which is L(K 5 ). Thus, it suffices to find Aut(L(K 5 )). Every automorphism of K 5 induces a unique automorphism of L(K 5 ), as we saw above. We now show that each automorphism of L(K 5 ) induce a unique permutation in S 5 , implying that Aut(L(K 5 )) has at most 120 elements.
Let Example 7. Hypercubes. The hypercube graph Q n has vertex set V = {0, 1} n , and two vertices are adjacent in this graph iff the two n-bit strings differ in exactly one coordinate. Let r z : V → V, x → x+ z be the translation by z. Here, x + z is the vertex obtained by adding the two bit strings x and z componentwise in the binary field. Then, H := {r z : z ∈ V } can be seen to be a group of automorphisms of Q n , and |H| = 2 n . Also, let K be the group of permutations of the vertex set induced by the permutation of the n coordinates of the bit strings. Then K fixes 00 . . . 0, and |K| = n!. Also, H∩K is trivial, and so |HK| = |H| |K|/ |H∩K| = 2 n n!. It can be shown that |A| ≤ 2 n n!, so that HK is the full automorphism group. To show |A| ≤ 2 n n!, note that any automorphism that fixes the vertex 00 . . . 0 and each of its neighbors in Q n also fixes all the remaining vertices. Thus, |A e | ≤ n!, where A e is set of the automorphisms that fix the vertex e = 00 . . . 0. By the orbitstabilizer lemma, |A| = |A e ||V |, and we get the desired bound. It is shown in [12] that Aut(Q n ) is isomorphic to the wreath product S n [S 2 ].
In algebraic graph theory, open-source software packages such as GAP and SAGE can be helpful with suggesting or testing conjectures. For example, an open problem is to determine the diameter of the modified-bubble sort graph MBS(n) (cf. [15] ), and it can be confirmed with the help of a computer that for n = 3, . . . , 10, the diameter of MBS(n) is equal to ⌊n 2 /4⌋. (When the sequence of values obtained using the computer is entered into the Online Encyclopedia of Integer Sequences, this formula is displayed; this formula is also mentioned in [13] ). No proof of this formula for all n is available in the literature.
Cayley graphs generated by transposition sets
A very promising area of research is Cayley graphs generated by transposition sets. I shall now mention some results related to the automorphism groups of these families of graphs. Let G be a group and S a subset of G. The Cayley digraph (also known as the Cayley diagram [3] ) of G with respect to S, denoted by Cay(G, S), is the digraph with vertex set G and with an arc from g to sg whenever g ∈ G and s ∈ S. When S is closed under inverses (i.e. when S −1 := {s −1 : s ∈ S} = S), (g, h) is an arc of the Cayley digraph if and only if (h, g) is an arc, and so we can identify the two arcs (g, h) and (h, g) with the undirected edge {g, h}. When 1 / ∈ S, the digraph contains no self-loops. Thus, when 1 / ∈ S = S −1 , we view the Cayley graph Cay(G, S) as a simple, undirected graph. Cay(G, S) is connected if and only if S generates G.
For a group G, define the map of right translation by z, r z :
The right regular representation of G is the permutation group R(G) := {r z : z ∈ G}, and R(G) is isomorphic to G. The automorphism group of a Cayley graph Γ := Cay(G, S) contains the right regular representation R(G), and hence all Cayley graphs are vertex-transitive (cf. [1] ). Since R(G) is regular, Aut(Γ) = Aut(Γ) e R(G), where Aut(Γ) e is the stabilizer of e in Aut(Γ). The set of automorphisms of the group G that fix S setwise, denoted by Aut(G, S) := {π ∈ Aut(G) : S π = S}, is a subgroup of Aut(Γ) e (cf. [1] ). For any Cayley graph Γ := Cay(G, S), the normalizer N Aut(Γ) R(G) is equal to R(G) ⋊ Aut(G, S) (cf. [9] ), where ⋊ denotes the semidirect product (cf. [4] ). A Cayley graph Γ := Cay(G, S) is said to be normal if R(G) is a normal subgroup of Aut(Γ), or equivalently, if Aut(Γ) = R(G) ⋊ Aut(G, S).
Let S be a set of transpositions in S n . The transposition graph T (S) of S is defined to be the graph with vertex set {1, 2, . . . , n} and with {i, j} an edge of T (S) whenever (i, j) ∈ S. A set of transpositions of {1, . . . , n} generates S n if and only if the transposition graph T (S) is connected, and a set of transpositions is a minimal generating set for S n if and only if T (S) is a tree (cf. [10] ). A set of transpositions whose transposition graph is a tree is called a transposition tree. Cayley graphs of permutation groups generated by transposition sets have been well studied, especially for consideration as the topology of interconnection networks [16] , [13] .
Some particular families of Cayley graphs Cay(Gr(S), S) are defined as follows:
• If T (S) = K 1,n−1 , then Cay(S n , S) is called the star graph.
• If T (S) = P n , then Cay(S n , S) is called the bubble-sort graph.
• If T (S) = C n , then Cay(S n , S) is called the modified bubble-sort graph.
• If T (S) = nK 2 , then Cay(Gr(S), S) is the hypercube.
• If T (S) = K n , then Cay(S n , S) is the complete transposition graph.
• If T (S) = K k,n−k , then Cay(S n , S) is the generalized star graph.
We now mention some results, for which the proofs can be found in the given references. If π ∈ S n is a permutation and i and j lie in different cycles of π, then the number of cycles in the product of π and (i, j) is exactly one less than the number of cycles in π (cf. [2] ). It can be shown that a product of n − 1 transpositions is an n-cycle if and only if the corresponding n − 1 edges form a tree in the transposition graph. Among the Cayley graphs of the symmetric group generated by a set of transpositions of {1, . . . , n}, the automorphism groups of the following Cayley graphs are known. When T (S) is a star, the corresponding Cayley graph is called a star graph and has automorphism group S n−1 R(S n ) [14] . The Cayley graph generated by a path graph is called a bubble-sort graph and has automorphism group isomorphic to Z 2 R(S n ) [18] . The automorphism group of the Cayley graph generated by an asymmetric transposition tree is R(S n ) and hence is isomorphic to S n [10] . The automorphism group of the Cayley graph Cay(S n , S) generated by an arbitrary transposition tree T (S) is shown in [5] to be isomorphic to R(S n ) ⋊ Aut(S n , S). All these Cayley graphs are also known to be normal.
Theorem 11.
[5] Let S be a set of transpositions generating S n . Then, Aut(S n , S) ∼ = Aut(T (S)).
Theorem 12.
[5, Corollary 2.5] Let S be a set of transpositions generating S n satisfying the following condition for any two distinct transpositions t, k ∈ S: tk = kt if and only if Cay(S n , S) has a unique 4-cycle containing e, t and k, and if tk = kt then Cay(S n , S) has a unique 6-cycle containing e, t, k and a vertex at distance 3 from e. Then Cay(S n , S) is normal and has automorphism group isomorphic to R(S n ) ⋊ Aut(S n , S).
The modified bubble-sort graph MBS(n) is the Cayley graph of S n with respect to the set S of cyclically adjacent transpositions {(1, 2), (2, 3), . . . , (n, 1)}. Thus, T (S) = C n in this case.
The results that were mentioned above on the automorphism groups of Cayley graphs generated by transposition graphs that are particular trees, asymmetric trees, and arbitrary trees have been generalized in [7] to arbitrary transposition graphs that are connected and do not contain triangles or 4-cycles:
Theorem 13. [7] Let MBS(n) := Cay(S n , S) be the modified bubble-sort graph. Let t, k ∈ S. If tk = kt, then the modified bubble-sort graph MBS(4) does not contain a unique 6-cycle passing through e, t, k and a vertex at distance 3 from e, and MBS(n) does contain a unique 6-cycle passing through e, t, k and a vertex at distance 3 from e for all n ≥ 5. Lemma 14. [7] If s i , s i+1 ∈ S are two adjacent transpositions in T (S) = C 4 , then there are exactly eight distinct 6-cycles in MBS(4) that contain e, s i , s i+1 and a vertex at distance 3 from e. The total number of vertices in 6-cycles of MBS(4) that contain e, s i and s i+1 and that are at distance 3 from e is exactly 6. Theorem 15. [7] The automorphism group of the modified bubble-sort graph MBS(n) is isomorphic to D 2n V 4 R(S n ), if n = 4, and is isomorphic to
Here, D 2n is the dihedral group of order 2n, V 4 is the Klein four-group, and R(S n ) is the right regular representation of S n .
Theorem 16. [7]
The modified bubble-sort graph MBS(n) is not normal if n = 4 and is normal if n ≥ 5. Theorem 17. [7] Let S be a set of transpositions generating S n , let T (S) denote the transposition graph, and let Γ := Cay(S n , S). Let k, t ∈ S be distinct transpositions. If tk = kt and T (S) does not contain triangles or 4-cycles, then there is a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Moreover, if T (S) does contain a triangle or a 4-cycle, then there exist t, k ∈ S such that tk = kt and such that there does not exist a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Theorem 18. [7] Let S be a set of transpositions generating S n such that the transposition graph T (S) does not contain triangles or 4-cycles. Then, Cay(S n , S) is normal and has automorphism group isomorphic to R(S n ) ⋊ Aut(S n , S).
We summarize these results on the automorphism group A := Aut(Cay(S n , S)) as follows:
• If T (S) is a star, A ∼ = S n−1 R(S n ) [14] • If T (S) is a path, A ∼ = Z 2 R(S n ) [14] • If T (S) is an asymmetric tree, A ∼ = S n [10] • If T (S) is a tree, A ∼ = R(S n ) ⋊ Aut(S n , S) [5] • If T (S) is an n-cycle, A ∼ = D 2n V R(S n ) if n = 4 and A ∼ = D 2n R(S n ) if n ≥ 5 [7] • If T (S) is connected and does not contain triangles or 4-cycles, then A ∼ = R(S n ) ⋊ Aut(S n , S) [7] 3 Other graph invariants
A very promising area of research is Cayley graphs generated by transposition sets, as was mentioned earlier. Besides the automorphism group, other properties of interest are: diameter, vertex connectivity, fault tolerance, indices of routings, diameter vulnerability, and distributed routing algorithms, among others. See [8] and the references therein for open problems and questions on the diameter of these families of Cayley graphs; see also the survey articles [16] , [13] . Many of these problems have applications in interconnection networks.
The rich theory of hypercubes can be generalized to or investigated for other Cayley graphs. For example, when the transposition graph T (S) belongs to a particular family of graphs -say trees, complete bipartite graphs, n disjoint copies of some simple graph, cycles, etc -much remains to be investigated.
